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1 The X-ra y Spectrum

X-ra ys form part of the electromagnetic spectrum extending from

wavelength(̧ ) : 10¡ 9 ¡ 6 £ 10¡ 12 m

frequency(f ) : 3 £ 1017 ¡ 5 £ 1019 H z

The principle physical processesupon which X-ray generationrest are

² Thermionic Emission

² Bremsstrahlung and Characteristic Emission

When an electromagneticwave interacts with a charged particle the amounts of energy and
momentum which are exchangedin the processare thosecorresponding to a photon.
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Figure 1: The Electromagnetic Spectrum
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2 Thermionic Emission

The energyband corresponding to the uppermost atomic shell, occupiedby the valenceelec-
trons, primarily determinesthe bulk electrical properties.

If the uppermostband is not completely full it is called the conduction band , if it is full it is
called the valence band and the empty band just above it is called the conduction band .

If the total number of electronsin the conduction band is lessthan the total number of energy
levels available in the band, then electronswill occupy all energy states up to a maximum
energycalled the Fermi Energy , ²F , if the metal is in its ground state.

The uppermostelectronsin the conductionband canbe thermally excited. The statesoccupied
by thermally excited electronsfall in an energyregion of the order of 20kT above ²F .

At high temperatures,T, the occupation of electronic states extendsover energieswell above
²F . To extract an electron from a metal it is necessaryto give a conduction band electron at
least the energy

eÁ (1)

where

² e = elementary electroniccharge

² Á = work function and is the energyrequired to extract an electron from the highest
occupiedenergylevel.

Thus at high temperatures someelectronswill escape from the metal to form an \electron
gas" around the solids(metal/¯lamen t) surface.

Basedon the Fermi-Dirac distribution it can be shown that the thermo-electric current
density, j , coming form the surface of a solid is given approximately by the Ric hardson-
Dushman equation ,

j =
4¼me

h3
k2T2 exp[¡ eÁ=kT] (2)

where

² me = electron rest mass

² T = temperature in Kelvin

² k = Boltzmann's constant (¼ 1:38£ 10¡ 23 JK ¡ 1)

3



PSfrag replacements

0

¼ 20kT

Emax²F

dn dE

Figure 2: Diagrammatic illustration of the energy states of free electrons in a solid
at absolute zero (dashedline) and at ¼ 20kT above absolute zero (solid line).

Thermionic emissioncan be implemented by passingan electric current through a piece of
wire (¯lament) with a very high melting point e.g tungsten. In the production of X-rays this
resultant electron gas is acceleratedthrough an electric ¯eld, E. The kinetic energyacquired
after an electronhas traveleda distancex is

1
2

me v2 = E ex (3)

or

Energy = V e (4)

maxE

approx. 20kT

Fe

Figure 3: The distribution of free electronsbetweenenergy levels in the conduction
band.
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This last expressionmotivates the de¯nition of the electron volt as a unit of energy. 1
electron volt is equal to the work done on a particle of charge e when it moves through a
potential di®erenceof 1 V. Thus 1 eV is

eV = (1:6021£ 10¡ 19 C)(1 V)

= 1:6021£ 10¡ 19 J

3 Bremsstrahlung and Characteristic X-ra y emission

X-rays are produced by the impact of fast electronsagainst the anode material of an X-ray
tube 1. The emitted X-ray spectrum will be composedof two main components dependent on
the energyof the incident photons;

Bremsstrahlungor decelerationradiation

Characteristic X-ray emission

For large anode potentials the emitted X-ray spectrum will be dominated by energy peaks
corresponding to characteristic emission.

4 Bremsstrahlung

It is well known that an acceleratedchargeradiateselectro-magneticenergy. The rate of energy
radiation by a charge,q, moving with a velocity v and accelerationa, when v ¿ c is

dE
dt

=
q2a2

6¼²0c3
(5)

where

²0 = permittivit y of free space

c = velocity of light

If a particle is deceleratedinstead of being acceleratedthe previousequation still holds. Thus
when a fast charge such as an electron hits a target and is stopp ed a substantial part of its

1Most of the energy absorbed from the electrons will appear in the form of heat. Only a small proportion,
lessthan 1%, will appear in the form of X-rays
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Figure 4: The intensity distribution for the X-ray spectrum of Molybdenum as a
function of the applied voltage. Note the appearanceof the K-series as excitation
potential is increased.The K-seriesexcitation potential is 20.1 kV .

total energyis releasedas electro-magneticradiation. This is called deceleration radiation
or bremsstrahlung.

The energyof an electronmay be radiated o®as

² the result of successivecollisionssuch that several photons are produced.

² the result of a singlecollision such that just onephoton is produced.

Photons emitted by just oneelectron-anode collision will be the most energeticand thus have
the shortest wave-length. Thus the wavelengthsof the X-rays so producedwill be equal to or
longer than a threshold wavelength satisfying the relationship

E = h º

=
h c
¸

Thus

¸ =
h c
V e
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=
(6:6 £ 10¡ 34 Js)(2:99£ 108 m s¡ 1)

V £ 1:6021£ 10¡ 19 C

=
1:24£ 10¡ 6

V
m

Example

If electronsare acceleratedby a potential di®erenceof 18 kV, the minimum wavelength of
X-rays producedis

¸ min =
1:24£ 10¡ 6

1:8 £ 104

= 6:9 £ 10¡ 11 m

5 Characteristic X-ra y Emission

Electrons ¯lling the inner complete electron shellsconstitute the coreor kernel. The binding
energyof the kernel electronsis much higher than that of the valenceor conduction electrons.
Thesekernel electronsremain practically undisturbed in most of the processesin which the
atom participates. However if the energy of the incident electrons is su±ciently large it is
possibleto knock oneof the electronsout of the kernel.

For examplewhen the energy of incident electronsis increasedhitting a Molybdenum (Mo)
target certain well de¯ned peaksappear in the emitted X-ray spectrum. Thesepeaksare called
characteristic X-ra ys. The wavelengths of these peaks are independent of the applied
voltage, whereasthe relativ e amplitude of thesepeaksis a function of the applied voltage.

The dynamical state of each electroncan be described by four quan tum num bers

n = energy

l = angular momentum

ml = quantization of orientation of angular momentum

ms = electronspin

Stateswith n = 1; 2; 3; 4 constitute the K,L,M,N,.. shells.

Considerthat an ejectedelectron is from the K-shell. When such a K-electron is removed and
empty state (or hole) is left in the K-shell. Another electron in a higher energy level of the
kernel (or even a valenceor free electron) may fall into the vacant state in the K-shell. The
radiation emitted by the electron"falling" into this vacant state lies in the X-ray region of the
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spectrum. Such an electronmay have proceededfrom the L,M,N,... etc shellsand thus a series
of X-ray lines may be produceddesignatedasK ®; K ¯ ; K ° ::: etc. If the vacant state produced
by electronejectionis in the L-shell then transitions may only arisefrom the M ; N; ::: etc shells.
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Figure 5: X-ray transitions in an atom with atomic number Z » 36.

In many casesthe photon emitted in an X-ray transition is absorbedby anotherelectronwithin
the sameatom, which is thereforeejectedasa result of an internal photo-electric e®ect. This
processof the internal conversionof X-rays into photo-electronsis calledthe Auger e®ect and
the emitted photo-electronsare called auger electrons .

6 In teractions of EM radiation with tissue

When a beamof electro-magneticradiation passesthrough an object the energyof this beam
is gradually absorbed by various processes

² photo-chemical reactions

² atomic photo-electrice®ect(or photo-ionization)

² Compton scattering

² pair production
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² photo-nuclear reactions

In the energyrangeusedin diagnostic radiology (17 - 150keV) the important photon interac-
tions with tissueare the photo-electrice®ectand Compton scattering.

7 Photoionization

When an incident photon has enoughenergy, its absorption by an moleculeor an atom may
result in the ejection of an electron i.e

A + hº = A+ + e¡ (6)

This processis called photoionization or the atomic photo-electric e®ect. Thus when a
beamof ultraviolet, X- or ° - radiation passesthrough matter, it producesionization along its
path.

Th energyrequired to extract an electron from an atom or a moleculeis called the ionization
poten tial , I . The kinetic energyof the ejectedelectron is given by

Ek = hº ¡ I (7)

Listed below are sometypical valuesfor the ionization potentials for somemolecules

Ionization
Molecule Poten tial eV

H2O 12.6
CO2 13.8
O2 12.1
C9H10O3 8.4

Table 1: Ionization potentials for somecommon organic molecules.

A photo-electric interaction is followed by the ejection of a photo-electron,one or more char-
acteristic X-rays and Auger electrons.

The highestenergyelectronthat will beemitted in this processwill beof the orderof » 150keV
and would have a range in water typically of 0.03 cm. Thus for most purposesthe electrons
can be consideredasbeing locally absorbed. Theseemitted electronswill greatly contribute to
the patient doseand to the energyabsorbed in the imagereceptor.
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8 Compton Scattering

When the energyof a photon is much larger than the binding energyof the electronin an atom
or a molecule,the electroncanbe consideredfree. In this caseCompton scattering is a more
probableprocessthan the photo-electrice®ect.

Analysis of electromagneticradiation that haspassedthrough a region in which free electrons
are present shows in addition to the incident radiation another radiation of di®erent frequency.
This new radiation is interpreted as the radiation scattered by free electrons.

The frequencyof the scatteredradiation is smallerthan the frequencyof the incident radiation.
Accordingly the wavelength of the scattered radiation is longer than the wavelength of the
incident radiation. This interesting e®ectis called the Compton e®ect.

9 The A tten uation of X-ra ys

Given that I 0 is the intensity of radiation before it enters the substance,its intensity after it
has traverseda thicknessx of the substanceis given by the familiar equation

I = I 0e¡ § x (8)

where § (in say cm¡ 1) is a quantit y characteristic of each substanceand each processand is
variously called the coe±cien t of linear absorption , coe±cien t of linear atten uation or
the macroscopic cross-section .

For each substancethere is one macroscopiccross-sectionfor each possibleprocessthat we
have outlined. The total cross-sectionof a substanceis the sum of all partial cross-sections.
Thesecross-sectionswill alsobe a function of the energyof the incident photons. For the two
important attenuating processesoccurring in diagnosticX-ray we have

A tten uation Pro cess A tten uation
incident energy(E) atomic number(Z)

Photoionization / E ¡ 3 / Z 4

Compton Scattering > E ¡ 3 / Z

Table 2: Attenuation processesas a function of incident electromagneticenergyand
atomic number

This table illustrates that scattering will will be lessimportant in providing contrast between
tissueswith di®eringaverageZ .

For soft tissuethe photo-electriccross-sectionis larger than the scattercross-sectionfor energies
· 25keV.
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Figure 6: Macroscopic cross sections for the absorption of photons in aluminium
(Al) and lead (Pb). Curves labelled I are the partial cross sections due to photo-
electric absorption. Curves labelled I I are the partial crosssectionsdue to Compton
scattering. Those curves labelled I I I are partial crosssectionsdue to pair production
(not important for the energiesusedin diagnostic radiography).

10 Image Formation

The projected radiographic imagecan be consideredas the distribution of absorbed energy. In
what follows we will assumethe following

² a mono-chromatic X-ray sourceemits photons of energyE.

² the X-ray sourceis su±ciently far away from the patient such that the photon beamcan
be consideredparallel to the normal of the the surfaceof the imagereceptor.

² each photon reactswith the imagesubstratelocally, the responseof this imagingsubstrate
being linear such that the image so formed can be consideredas the distribution of the
absorbed energy.

If N photonsare incident at the surfaceof the imagereceptor(or substrate)and I (x; y) dx dy is
the energyabsorbed in the imagereceptorplanedx dy then wecanwrite the following expression
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Figure 7: X-ray spectra for a tungsten anode (100 kV accelerating potential with
2.5 mm aluminium added). (a) X-ray spectra beforeand (b) after attenuation by 18.5
cm soft tissue plus 1.5 cm bone. Note that the lower energy components have been
attenuated more heavily than the higher energy components after passagethrough
the human tissue. Thus the averagephoton energy increasesand the beam becomes
harder. Such beam hardening can be troublesome in the context of tomographic
imagereconstruction asthe exponential law of linear attenuation no longerholds.(data
basedon Birch R, Marshall M and Andran G M (1979). Catalog of Spectral Data for
Diagnostic X-rays. Hospital Physicists' Association, London.).

I (x; y) = ²(E; 0)N E exp(¡
Z

¹ (x; y; z) dz)

+
Z

²(Es; µ)EsS(x; y; Es; ­) d­ dEs

= primary + scatter

where

S(x; y; Es; ­) is the number of scatteredphotons in the energyrangeEs to Es + dEs in
the solid anglerange­ to ­ + d­. This is known as the scatter function .

²(E; µ) is the energy absorption e±ciency coe±cien t of the image substrate as a
function of photon energyand angleµ.

¹ (x; y; z) is the linear atten uation (made up of all the partial cross-sections).

The scatter function will in generalbe a complicated function of position and distribution of
attenuation within the tissue. For this reasonit is often consideredasa slowly varying function
of x and y. It can be shown that
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Figure 8: The variation of the partial crosssections(photo-electric and Compton)
with incident photon energy for soft tissue.

I (x; y) = N ²(E; 0)E exp(¡
Z

¹ (x; y; z) dz) + S²(E)E (9)

= N ²(E; 0)E exp(¡
Z

¹ (x; y; z) dz)(1 + R) (10)

where

R =
scattered
primary

(11)

The ¯rst equation essentially says that we considerthe scatter proportional to the energyof
the emitted X-rays. i.e as we increasethe energyof the sourceX-rays so does the amount of
scatter.

10.1 Con trast and Unsharpness

Referring to the above ¯gure 9 we can de¯ne contrast as

C =
(I 1 ¡ I 2)

I 1
(12)

where I 1 and I 2 give the energy absorbed per unit area. Using the previous de¯nitions for
I (x; y) it can be shown for the simple model of contrast that the contrast, C, is given by
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Figure 9: A simple model for the de¯nition and estimation of image contrast in
planar radiography.

C = f 1 ¡ exp[¡ (¹ 2 ¡ ¹ 1)x]g=(1 + R) (13)

Thus from the above equation we can seethat the factors a®ectingcontrast will be

² the thicknessof the target (i.e x).

² the di®erencein the linear attenuation coe±cients betweendi®erent structures that we
would like to visualize.

² the scatter-to-primary ratio R i.e a greaterproportion of scatter will act to degradeimage
contrast.

The linear attenuation coe±cients will bea function of the incident photon energy. The scatter-
to-primary ratio will alsobe a function of the incident photon energy. Thus we expect contrast
to vary with the mono-chromatic energyof the incident X-rays.

Increasingthe energy of the emitted X-ray photons will result in reducedlinear attenuation
coe±cients and hence reduced patient dose. However increasedsource photon energy will
result in reducedcontrast. Thus the energyof the X-ray spectrum chosenfor radiographical
procedureswill be a compromisebetweenpatient doesand contrast 2

Problem 1: By using equations (12) and (9) (why not equation 10 ?) and
referring to ¯gure 9 derive equation (13)

2an aluminium plate interposed between the X-ray source and the patient is often used to ¯lter out the
low-energy component of the emitted X-ray spectrum. As the low energy components of the spectrum will be
heavily attenuated and thus contribute little to image formation the e®ectof such a ¯lter is to remove the low
energycomponent that would otherwise unacceptably contribute to patient dose.
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10.2 Relationships between noise and dose

Even during a simple plain-¯lm radiogram there will be sourcesof noisethat will conspireto
degradecontrast and imagequality. The contributions to this noisewill in generalarise from
two major sources

² \quan tum noise" due to statistical °uctuations in the number of photonsdetectedper
unit areaby the imaging substrate.

² °uctuations due to spatial and temporal inhomogeneitiesin the properties of the image
receptor (substrate) and display system

Quantum noise, becauseit is a statistical process,can be reducedby increasingthe number
of incident photons. However this will be at the expenseof an increaseddoseto the patient.
Thereforea central considerationis

\What surfacedoseis required to achieve a contrast C over an area A against a background
noisearising from the e®ectsof quantum noise?"

It can be shown that the minimum surfacedose,Sd, required to di®erentiate two areaswith
di®erent linear attenuation coe±cients is

Sd = N E § t (14)

where § t is the mass energy absorption coe±cien t for tissue (¼ 0:004 m2 kg¡ 1). § t =
¹ E n=½where ¹ E n is the tissue massenergycross-sectionor linear attenuation coe±cient and
½is the tissue density. E the photon energyand N , the number of incident photons per unit
area

N = k2
t (1 + R) exp(¹ 1X )=[²(E; 0)(¹ 2 ¡ ¹ 1)2x4] (15)

The constant kt is the signal-to-noiseratio for which an object just becomesdetectable. Em-
pirical evidencesuggeststhis value is ¼ 5. From this equation note the following

² the minimum doserequired to visualizean object (against a background of ¹ 1) increases
as the inverse fourth power of the sizeof the object and as the inverse second power
of the di®erencein the linear attenuation coe±cients. i.e larger doseswill be required to
visualizethinner objects in the imageplane thus ...

² for a ¯xed doseand contrast there will be a minimum object sizethat can be visualized.

² low contrast resolution will vary with object size.

15



Example 1: Calculate the number of incident photons per unit area, N , and
the surfacedose,Sd for imaging 1 mm3 of tissue with 1% contrast assuming
the following values

E = 50keV

² = 0:3

x = 1mm

kt = 5

¹ 1 = 22:6m¡ 1

§ t = 0:004m2kg¡ 1

R = 2

C(1 + R)=x ¼ (¹ 2 ¡ ¹ 1) { power seriesexpansionof equation (13)

X = 0:2 m

N = k2
t (1 + R) exp(¹ 1X )=[²(E ; 0)(¹ 2 ¡ ¹ 1)2x4]

=
52 £ (1 + 2) £ exp(22:6 m¡ 1 £ 0:2 m)

0:3 £ 9 £ 102 m¡ 2 £ 10¡ 12 m4

= 2:55£ 1013 photonsm¡ 2

thus the surfacedoseSd is

Sd = N § t E

= 22:55£ 1013 m¡ 2 £ 0:004m2 kg1 £ 50keV

= 5:1 £ 1012 keV kg¡ 1

= 0:817mGy

where 1 Gy = 6:242£ 1015 keV kg¡ 1.

Problem 2: By assuming that the projected area of the object having a
linear attenuation coe±cient of ¹ 2 (¯gure 9) is A calculate the ratio of the
total energyexiting the region A with respect to the expectedvariation in the
total energy exiting a region of area A of thicknessX and linear attenuation
coe±cient ¹ 1. This is the signal-to-noiseratio (SNR). By assumingthat the
SNR must be of at least kt before an object is visible solve the expression
obtained for the SNR to obtain the number of photons per unit area that
must be incident in order to obtain a contrast of C. Hint: Assume signal
= (I 1 ¡ I 2)A = CI 1A, noise =

p
I 1A (i.e the number of photonsdetected per

unit area is a Poisson process) and C is given by equation (13). Also see pp
124-127Guy and ®ytche
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11 Image Receptors and Substrates

The imagereceptor or substrate is what converts the transmitted X-rays into a visible image.
All image receptorsform an image by the absorption of energy from the transmitted X-ray
beam. In generalthe transmitted spectra will consistof a distribution of photon energiesand
numbers. Part of the performanceof imagereceptorsis measuredby its responseto particular
photon energies.The more restricted is its response,in generalthe better the resolution.

Below is an incomplete list of the major methods for visualizing the energyof the transmitted
X-ray beam.

² Direct exposureX-ray ¯lm

² Screen-¯lm combinations

² Image-intensi¯ers

² Xero-radiography

² Ionography

² Stimulated Luminescence(scintillation detector)

11.1 Direct Exp osure X-ra y Film

The direct exposureof X-ray ¯lm is not commonly usedin radiography becauseit has a low
absorption e±ciency (²). However the basic principles of operation are used in screen-¯lm
combinations. In generalthere are two ¯lm emulsions consistingof silver bromide suspended
in gelatin. This is illustrated below

protective layer

subbing layer

film base (200 micrometers)

film emulsion (20 micrometers)

Figure 10: Schematic outline of the construction of direct exposureX-ray ¯lm.
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When usingX-ray ¯lm it is particularly important to know the relationship betweenthe optical
density of the ¯lm as a function of exposure. De¯ne the optical density of the ¯lm, D, as

D = log10(I 0=I ) (16)

whereI 0 is the intensity of a light beam(eg a light box) beforepassagethrough the ¯lm and I
is the intensity after passagethrough the ¯lm. It can be shown that the relationship between
optical density of the direct exposure¯lm and the X-ray dosereceived by the ¯lm is given by

D = Dmax [1 ¡ exp(¡ kB)] (17)

wherek is a constant characterizing the responseof the ¯lm and B is the doseapplied to the
¯lm from transmitted X-rays. i.e the greater the ¯lm exposure the blacker the ¯lm. For a
mono-energeticbeamof X-rays the doseB is related to N by

B = ²E N (18)

where² is the photon absorptione±ciency of the ¯lm. Curvesthat relate optical density to ¯lm
exposureare known ascharacteristic curv es or H and D curves(after Hurter and Dri±eld).

It is common practice to plot ¯lm dose on a logarithmic scale. It is found that the ¯lm
characteristic curve will have a central portion for which the following linear relationship is
valid

D = 0:847Dmax log10(1:883k B)

= ¡ log10(
B
B0

)

whereD is the optical densit y, B=B0 is the relative ¯lm exposureand ¡ is known asthe ¯lm
gamma (typically between2 and 3). For the caseof an homogeneoussolid of thicknessx we
expect ln(B=B0) = ¡ ¹ x and it can be shown that we can calculate ¡ accordingto

log10(I ) = ¹ x¡ log10(e) + log10

Ã
I 0B ¡

0

(²E _N0(i c)t)¡

!

(19)

where E _N0(i c) is the emitted X-ray intensity as a function of the ¯lament current. Thus the
¯lm ¡ can be estimatedas the slope of log10(I ) versus¹ x log10(e).

Direct exposure X-ray ¯lm is excellent for high resolution studies where high resolution is
more important than dosingconsiderationseghandsand teeth. However in conventional plain
¯lm radiographic practice Screen-Film combinations are preferable as they are faster and
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thus minimize patient dose. The main drawback is that screen-¯lm combinations do not have
as good inherent resolution as direct exposure ¯lm and for this reasonare used when dose
minimization is more important than the preservation of ¯ne detail.
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Figure 11: Film characteristic curvesfor a direct-exposure X-ray ¯lm (curve A) and
for a ¯lm-scr een combination (curve B). Note that the useful dynamic range for the
latter is lessthan the former.
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A In ternational SI Units of radiation exp osure and dose

A.1 Exp osure

The index of exposure,i exposur e, is de¯ned by

i exposur e = q=m (20)

whereq is the total electric charge liberated by photoemmissionin a massm of air . There is
no namefor the SI unit of exposure( 1 C kg¡ 1 of air). Thus the intensity of a beamof X-rays
can be speci¯ed in terms of the ionization per unit massof air.

However in generalstrengthsof X-ray sourcesare speci¯ed in terms of the energy deposited per
unit massas it is the energy deposited in tissue that determinesthe biological hazard. The
kinetic energy released per unit mass (kerma) of air is measuredin units of Grays (Gy) such
that

1Gy = 1 J kg¡ 1

Sourcesare alsodescribed in terms of air kerma rates i.e diexposur e=dt.

A.2 Absorb ed Dose

The absorbed dosewill depend on the energyof incident radiation and the atomic composition
of the absorber. In general this is linearly related to i exposur e by an empirical dimensionless
factor that dependson the absorber and the incident radiation energy, f absorber(E), i.e

doseabsorbed = f absorber(E) i exposur e (21)

Note that doseabsorbed will be in units of Gy 3.

Absorbed doseX-ray dosecan also measuredin terms of its relative biological e®ectiveness
(equivalent absorbed dose) such that it can be quantitativ ely compared to other forms of
radiation (e.gelectron,proton or neutron radiation). The modern SI unit of equivalentabsorbed
doseis the Sievert (Sv) and for X-rays has the following units

1 Sv ´ 1 J kg¡ 1 = 1 Gy 4

3The older CGS unit of absorbed dosewas the rad (1 erg s¡ 1). 1 Gy = 100 rad.
4The old unit of absorbed equivalent dosewas the rem (radiation equivalent man) with 1 Sv = 100 rem.
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A.3 E®ectiv e dose

The amount of energydeposited in a particular organ will depend on the what fraction of the
total surfacedose(contained in a weighting factor wR) is absorbed which can only be inferred
from theoretical models and phantom studies. In generalthe wR is estimated assuminga 70
kg standard man and will also incorporate information regarding the relative susceptibility of
an organ to radiation damage.Thus the e®ective organ dosewill be given as

doseorgan = wR doseabsorbed

wR will rangefrom 0:01 (dental, spine) to 0.2 (gonads).
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