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1 Introduction
All conventional diagnostic ultrasound equipment depends on the ability of ul-
trasound waves to reflect from tissue interfaces. By measuring the time taken
for echoes to return to the receiver, the location of the echo producing interface
can be specified. Other imaging parameters include the amplitudes and the
frequency spectra of the echoes.

A full appreciation of of the role of diagnostic ultrasound, its limitations and
biological effects can only be gained by considering the physics of the propaga-
tion of sound waves in biological tissue. The propagation of sound waves is due
to the



where ∆P is a change in pressure from equilibrium, ∆V/V0 is the fractional
change in volume and B is a constant of proportionality called the volume

or adiabatic bulk modulus of elasticity. Because an increase in pressure
produces a reduction in volume, the minus sign makes B a positive constant.
The above equation can be rewritten in the limit as ∆P → 0 as

B = −V0

(

dP

dV

)

0

= ρ0

(

dP

dρ

)

0

(2)

where the last expression follows easily from the conservation of mass. For fluids
and gases it is often customary to tabulate the compressibility κ = 1/B. Thus
the harder it is to compress a substance the larger the value of B and the smaller
the value of κ.

3 Wave-motion
Acoustic waves are mechanical waves i.e acoustic energy is transferred between
two points in the medium while leaving the intervening medium essentially un-
changed after transfer. Mechanical waves are of two fundamental types

• longitudinal: the oscillating particles of the medium are displaced par-
allel to the direction of motion (direction of energy transfer).

• transverse: the oscillating particles of the medium are displaced in a
direction perpendicular to the motion of the wave.

When the elasticity of the medium causes neighbouring particles to display a
similar oscillation, a wave is set up, and the oscillation appears to move through
the medium with some velocity of propagation. A single oscillation may set
up a pulse or a series of oscillations can set up a wave train.

The most general form for a one-dimensional wave, without dispersion, is given
by the superposition of two rigid waveforms moving in opposite directions i.e

u(x, t) = f+(x − ct) + f
−

(x + ct)

where c is the velocity of propagation known as the phase velocity. It can
be shown that any general function u(x, t) satisfies (in one-dimension) the wave
equation (see Appendix A)

∂2u

∂t2
= c2 ∂2u

∂x2

Such an equation applies generally to all forms of wave motion.

3



4 Longitudinal pressure waves
Consider a longitudinal wave being propagated along the x axis and define

ρ0 = undisturbed equilibrium density of the medium
ρ(x, t) = instantaneous density

P0 = undisturbed equilibrium pressure of the medium

P (x, t) = instantaneous pressure

p = P − P0 = instantaneous excess pressure

ξ(x, t) = displacement of some point at x along the x axis
It can be shown that ξ, ρ, p all obey equations of the form

∂2y

∂t2
=

B

ρ0

∂2y

∂x2
y = ξ, ρ, p (3)

A simple derivation for the case of ξ is presented in Appendix B. Thus from
equation 3 we have 1

c =

√

B

ρ0

(4)

=
1√
κρ0

(5)

The average speed of sound in biological tissues is estimated at 1540 ms−1, and
represents the upper limit for the speed of sound in water 2. This value ±6% is
often assumed in the design of diagnostic ultrasound equipment.

In biomedical applications of ultrasound wave motion will be periodic. Therefore
it is sufficient to consider the behaviour of one harmonic component. Consider-
ing propagation only in the positive x direction, a solution to the wave equation
is

ξ = ξ+ sin[k(x − ct)]
= ξ+ sin[kx − ωt] (6)

where ξ+ is the maximum particle displacement and ω = ck where ω = 2πf is
the angular frequency of oscillation. Using the following relationships

1this is generally true for fluids, for gases we have v =
√

γB/ρ0 where γ is a dimensionless
constant know as the ratio of specific heats. For air γ = 1.4 and for water γ = 1.

2thus the wavelength of sound waves used in diagnostic ultrasound is of the order 0.1-1.5
mm
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v =
∂ξ

∂t
(particle velocity)

s =
ρ − ρ0

ρ0

= − ∂ξ

∂x
(condensation of fractional change in density)

p = −ρ0c
2 ∂ξ

∂x

= −B
∂ξ

∂x

it can be shown for the case of an infinite plane wave 3, that

v = −ωξ+ cos(kx − ωt)
s = −kξ+ cos(kx − ωt)
p = −ρ0c

2kξ+ cos(kx − ωt)

It is of note that in, this example, particle displacement is π/2 out of phase with
respect to v, s and p.

5 Energy
We can use the simple results obtained for an infinite plane wave in the last
section to derive some approximate expressions for the energy of an acoustic
wave. The total energy of an acoustic wave is made up of two components

• the kinetic energy due to the motion of the particles in the medium

• the potential energy due to the work involved in the the deformation of
the elastic medium

The kinetic energy density, Ek, associated with particle motion is clearly

Ek =
1
2
ρ0v

2 (7)

where we have ignored to first order the fractional change in density. The
potential energy associated with the deformation of the elastic medium can be
calculated by considering

∆W = −p∆V

=
V0

B
p∆p (8)

3i.e a wave in which areas of the same phase lie in a plane perpendicular to the direction
of propagation
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where ∆W is the work required to cause a small change in volume. Thus the
work done in compressing the medium is

W =
V0

B

∫ p

0

p dp

=
V0p

2

2B
(9)

and thus the potential energy density, Ep, associated with deformation is

Ep =
p2

2B

=
p2

2ρ0c2
(10)

Thus the energy density, E , associated with acoustic wave motion is

E = Ep + Ek

=
1
2
ρ0v

2 +
p2

2ρ0c2
(11)

Using our previous results for the case of an infinite plane wave we get

E = ρ0ω
2ξ2

+ cos2(kx − ωt)

This can be averaged over one cycle to give 〈E〉

〈E〉 =
1
2
ρ0ω

2ξ2
+ (12)

However a more useful quantity is the intensity. The intensity of a wave is
defined as the energy which flows per unit time across a unit area perpendicular
to wave propagation. Clearly, I, the intensity of the wave is

〈I〉 = 〈E〉 c

=
c

2

(

ρ0〈v2〉 +
〈p2〉

2ρ0c2

)

(13)

where c is the velocity of wave propagation, thus for the simple case of an infinite
one-dimensional plane wave

〈I〉 =
1
2
ρ0cω

2ξ2
+ (14)

Intensity is a measure of how concentrated the rate of energy propagation is. It
is a most important quantity in all considerations of how ultrasound interacts
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with tissue. The intensity involves the parameters of the impressed ultrasonic
wave, f and ξ+, which depend on the instrumentation, and a parameter of the
medium known as the specific acoustic impedance, Z. The specific acoustic
impedance is defined as the ratio of excess pressure, p, to particle velocity, v, i.e

Z =
p

v
(15)

This equation is the analog of Ohm’s Law in electrical circuits where instanta-
neous excess pressure corresponds to voltage, particle velocity corresponds to
current and specific acoustic impedance corresponds to resistance. In general,
depending on the relative phases of v and p, Z is a complex quantity. For the
case of an infinite plane longitudinal wave (see previous section)

Z = ρ0 c

=
√

ρ0

κ
(16)

= Z0 (17)

The product ρ0 c is known as the characteristic acoustic impedance and is
intrinsic
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Figure 1: A plane interface between two media of different characteristic acoustic
impedance.

where the subscripts indicate the direction of propagation in the given medium,
with

p0
r = p0

i
ρ1c1 − ρ2c2

ρ1c1 + ρ2c2

(18)

= p0
i
Z01 − Z02

Z01 + Z02

(19)

= p0
i Rp (20)

p0
t = p0

i
2Z02

Z01 + Z02

(21)

= p0
i Tp (22)

where Rp and Tpare the pressure reflection and pressure transmission coefficients
respectively. Note that interfaces separated by the greatest difference in the
speed of sound will provide the greatest reflection. This is why it is difficult to
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visualize (penetrate) bone or gas (e.g lung or small bowel). We can similarly
define intensity reflection and intensity transmission coefficients, RI and TI as

RI = 〈Ir〉/〈Ii〉 (23)
= p2

r/p2
i (24)

= R2
p (25)

TI = 〈It〉/〈Ii〉 (26)
= Z01p

2
t /(Z02p

2
i ) (27)

= Z01T
2
p /Z02 (28)

Thus at points remote from the interface we have

pr = p0
r cos(k1x + ωt)

pt = p0
t cos(k2x − ωt)

Thus for the first medium there are two waves propagating in different directions
and the net wave motion will be the superposition of these two individual wave
motions. If the incident and reflected waves have a particular phase relationship
then standing waves may form.

However it is more realistic to consider incident waves striking the interface
at angles other than the normal. At macroscopic scales (i.e the wavelength of
oscillation is much smaller than the characteristic dimensions of the scattering
interface) there will be two distinct cases (the first of which is directly relevant
to the propagation of ultrasound in tissue)

• when the incident waves strikes the interface at an angle θi to the normal a
reflected wave, pr is produced which moves away from the interface an an
angle θr = θi, while the transmitted wave, pt also longitudinal, is refracted
at an angle θt to the normal in the second medium. The angle of refraction
is given by Snell’s Law

sin(θi)/ sin(θt) = c1/c2

with

p0
r = p0

i
Z01 cos(θt) − Z02 cos(θi)
Z01 cos(θt) + Z02 cos(θi)

p0
t = p0

i
2Z02 cos(θi)

cos(θt)Z01 + cos(θi)Z02
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• the reflected wave consists of longitudinal and shear (transverse) compo-
nents as does the transmitted longitudinal wave. However this case is not
significant in diagnostic ultrasound as shear waves, in general, will not be
supported for biological tissues other than bone.

For regions of inhomogeneities with scales much greater than the wavelength
of ultrasound (e.g organ boundaries) these geometrical “optical” effects will
dominate. For ultrasound frequencies of the order of 1-15 MHz the associated
wavelengths are between 0.1-1.5 mm. Many of the internal organs contain
inhomogeneities at this order of scale. At this scale ultrasound waves will no
longer be simply reflected and refracted, instead diffractive effects will begin to
dominate. The effects of diffraction will be to scatter the incident and reflected
acoustic waves. Such scattering will be highly anisotropic and as such will
degrade the quality of the imaging parameters.

6.1 Exercises
1. Derive equations 19 and 21 by assuming that i) the acoustic pressures on both

sides of the interface are equal (i.e. p0
i + p0

r = p0
t ) and ii) the sum of transmitted

and reflected intensities equals the incident intensity i.e 〈Ii〉 = 〈It〉 + 〈Ir〉. Hint:
Assume 〈v2〉 = 〈p2〉/(ρ2

0c2) (equation 15) in equation 13 and solve 〈Ii〉 = 〈It〉 +
〈Ir〉 for p0

r and p0
t .

2. In order to optimise the efficiency of an ultrasound transducer the transmitted
ultrasound intensity into tissue must be maximised (or the reflected ultrasound
intensity from skin must be minimised). This is typically achieved by plac-
ing a layer of material, called a matching layer, of acoustic impedance ZML

between the transmitting face of the transducer and the skin. If the acous-
tic impedance of the transducer is denoted ZC and that of the skin denoted
ZS , show mathematically that the value of the ZML that maximises trans-
mitted intensity/energy (or minimises reflected intensity/energy) is given by
ZML =

√
ZCZS . Hint: Let the transmitted intensity of ultrasound into tissue be

given as 〈IT 〉 = 〈II〉TC→MLTML→S (where TC→ML and TML→S are the inten-
sity transmission coefficients from transducer to matching layer, and matching
layer to skin, respectively and 〈II〉 is the transducer emitted ultrasound intensity)
and find the maximum of this with respect to ZML.

7 Absorption and dispersion
Up till now we have considered media through which ultrasound propagates to
be purely elastic. In such media ultrasound energy remains in mechanical forms
- potential and kinetic. We found for the case of an infinite plane wave that
the excess pressure, p, at any point was in phase with particle velocity, v, and
condensation, s.

However all common media, including biological tissue, are visco-elastic i.e
there are mechanisms which exist to transform this mechanical energy into heat.
This will result in phase lags between the condensation and excess pressure. The
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presence of these energy conversion mechanisms results in the loss of energy from
the ultrasound wave and the deposition of heat in the medium.

The mechanisms of energy loss, or absorption of energy by tissue, are typically
composed of two processes i) classical absorption and ii) relaxation. Classical
absorption occurs due to friction between particles as they are displaced by the
passage of the ultrasound wave. The rate of energy loss due to this mechanism
has a clear frequency dependence - higher frequencies are much more heavily
attenuated i.e

µclassical
a = Af2 (29)

where A is a coefficient that depends on a number of tissue properties that in-
clude viscosity and thermal conductivity, µclassical

a is a linear attenuation coeffi-
cient that characterises this space rate of energy loss by this absorptive process
and f is frequency.

The second absorption mechanism depends principally on the elastic properties
of tissue. As the ultrasound wave passes through tissue the displaced molecules
comprising the tissue do not return to their unperturbed position immediately.
Instead they relax back to their equilibrium position with a characteristic relax-
ation time, τ . If τ ≈ 2π/ω then this relaxation will be opposed to the rarefac-
tion associated with ultrasound wave motion and will thus act to attenuate the
propagation of ultrasound. This attenuation, characterised by an attenuation
coefficient µrelaxation

a also exhibits frequency dependency and can be shown to
be maximal for an angular frequency of 2π/τ .

Thus the ultrasound wave is attenuated. Under these circumstances the excess
pressure is described by

p = Po exp[−αx] exp[−j(kx − ωt)] (30)

assuming a plane wave propagating in the positive x direction. α is known as
the amplitude attenuation coefficient of the medium. Now

I =
p2

ρ0c
(31)

where I is the wave intensity. Thus the intensity of the wave declines with
distance according to

I = I0 exp[−µx] (32)

where the intensity attenuation coefficient, µ, is given by

µ = 2α (33)
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Both µ and α will be in units of distance−1 4 However in practice µ and α are
measured in units of decibels per centimeter (dB cm−1),

µ(dB cm−1) = − 1
x

10 log10

(

I

I0

)

= 10 log10(e)
−1
x

ln
(

I

I0

)

= 4.343 µ cm−1

α(dB cm−1) = − 1
x

20 log10

(

p

P0

)

= 8.686 α cm−1

= 8.686 µ/2 cm−1

= µ(dB cm−1)

The amplitude attenuation coefficient and the intensity attenuation coefficient
will in general consist of two components e.g

µ = µa + µs (34)

where µa = µrelaxation
a + µclassical

a is due to absorption (e.g conversion to heat)
and µs is due to scattering (diffractive/rayleigh). The relative contributions are
not known for many biological tissues, however for liver it has been estimated
that

µs

µ
≈ 0.1 − 0.3

i.e most of the attenuation of ultrasound is due to absorption and thus con-
tributes to heating effects. The absorption coefficients have a monotonic de-
pendence on frequency i.e the higher the frequency the greater the attenuation.
It has been found experimentally that the attenuation coefficient in tissue is
approximately

µ/α = 1 dB cm−1 MHz−1

For bone and air, at 1 MHz, µ/α is about 45 and 8.7 dB cm−1 respectively.

8 Non-linear effects
The derivation of the equation for longitudinal wave motion has implicitly as-
sumed that the medium trough which sound travels is a linear (not to be con-
fused with heterogeneous) medium. Non-linear effects (e.g heat flowing between

4for instance µ and α are often measured in cm−1. In practice these units are often
relabeled nepers cm−1 to indicate that the naperian logarithm of the ratio of the intensities
has been used to calculate µ and α.
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neighbouring regions on a time scale comparable with the time course of the
wave motion) can cause progressive changes in wave shape. This distortion is
seen in the gradual transfer of energy to the higher harmonics, with such har-
monics being differentially attenuated due to the frequency dependence of the
attenuation coefficients. Such non-linear effects becomes more marked for

• higher transducer frequencies

• smaller speeds of sound

• larger distances of propagation

• larger initial wave amplitudes

• smaller attenuation coefficients

The practical implications of this are largely seen in the increased absorption of
wave energy and reduced spatial resolution.

9 Acoustic radiation fields: the plane wave trans-
ducer

Diagnostically, longitudinal-wave ultrasonic radiation is generated by a vibrat-
ing piezoelectric element. While a model of a continuous-wave, plane, circular
source (i.e the vibrating piezoelectric element) is often not applicable to realistic
ultrasound imaging situations it does allow us to discern the general features
of the acoustic radiation fields. Knowledge of these spatio-temporal patterns of
acoustic radiation is important in defining the performance of diagnostic ultra-
sound equipment.

Routine diagnostic ultrasound equipment generally uses square wave gated pulses
of sinusoidal ultrasound, each pulse containing of the order of 3-4 cycles. In ad-
dition the transducers used diagnostically produce a spherically curved wave
front instead of the plane wave that we will consider. This serves to focus the
emitted radiation. Such focus can be dynamically altered to coincide with time-
of-flight measurements for both wave transmission and reception. Such tech-
niques improve the overall signal-to-noise ratio. Further details can be found in
the references at the end of this document.

We now consider the acoustic radiation fields associated with a plane wave
transducer. Consider the plane wave transducer in Figure 2. Let the plane
circular surface of radius a vibrate along the x axis about the point x = 0. We
will only consider the half space x > 0. A uniform sinusoidal vibration of the
transducer will disturb a cylinder of the medium, with the transducer forming
its base. Within this cylinder longitudinal wave motion is approximately that
of a plane wave. For regions outside this cylinder, summation of the component
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oscillations of the source (i.e transducer) result in approximately spherical ra-
diation outwards from the surface. As the longitudinal wave is propagated the
encompassing cylinder becomes transformed into a cone, such that at distances
remote from the source the total wavefront has been transformed from planar
to spherical. The region of the plane waves is called the near field or Fres-

nel zone where pronounced interference effects give rise to multiple maxima
and minima. The region of the spherical wavefronts is called the far field or
Fraunhofer zone.

θ
x

r

a

Figure 2: A plane circular ultrasound transducer. The coordinates are used to
descibe the geometry of the radiated acoustic field.

Except for the simplest geometry of a continuous wave transducer it is impossible
to calculate the exact values of wave parameters in the near field other than
numerically. It can be shown however, for the case of a plane circular transducer
that the excess pressure amplitude varies along the x-axis according to

p =
2πA

k
{2 − 2 cos[k(

√

(a2 + x2) − x)]}1/2 (35)

where A is a constant of proportionality related to the source pressure at the
transducer face. Figure 3 shows the behaviour of p for different frequencies and
radii of the plane transducer. The position of the final maximum is taken to
be the boundary between near and far field effects (often called the “near-field
boundary” or NFB). This position of the last maximum (from the transducer
face), znf , is given by

znf =
a2

λ
− λ

4
(36)

where λ is the wavelength of the radiating source. The larger the transducer
frequency the larger is the Fresnel zone. At the NFB the emitted field of acoustic
radiation has a lateral beam width approximately equal to the width of the
transducer. Most diagnostic ultrasound occurs in the near field or Fresnel zone.
In the far field the excess pressure associated with longitudinal wave motion can
be shown to be given by
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p =
Aπa2

r

{

2J1[ka sin(θ)]
ka sin(θ)

}

(37)

where J1 is a Bessel function of the first kind. The expression in brackets is of-
ten called the directivity function as it shows the variation of excess pressure
maxima and minima as a function of the angle subtended between the point and
the transducer centre. As the frequency of the source is increased for a fixed
transducer radius the main ultrasound beam becomes narrowed, but side lobes
begin to appear. The directivity function is often plotted in polar co-ordinates
and represents axially symmetric surfaces of constant excess pressure.

Many factors influence the pattern of the acoustic radiation field, and not all can
be taken into account analytically. While the simple model of a circular trans-
ducer is capable of providing general insight into the geometry of ultrasound
acoustic radiation fields used in clinical practice, the results obtained are only
strictly applicable to the case of continuous wave ultrasound involving a sin-
gle transducer. Because all conventional ultrasound involves pulsed ultrasound
waves, in order to gain a good understanding of the behaviour of a particular
transducer it is often necessary to resort to direct measurements and numerical
simulations of the pulsed acoustic field distribution in time and space. In gen-
eral it is found that the fields of acoustic radiation are not as sharp or complex
as in the continuous wave case.
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A Derivation of the wave equation
In this section we present a simple “derivation” of the one-dimensional wave
equation. Extensions to 2 or more dimensions are easily made. The most general
specification of a one-dimensional wave, without dispersion, is the superposition
of two waveforms moving in opposite directions i.e

u = f(x − ct) + g(x + ct)

where c is known as the phase velocity. The key to seeing that this gives rise
to a wave equation are the substitutions

r = x − ct

s = x + ct

Then by the chain rule we have

ux = {f(r) + g(s)}r rx + {f(r) + g(s)}s sx

= fr + gs

where the subscripts represent partial differentiation with respect to that sub-
script. Differentiating again we get

uxx = frr + gss

Similarly we can differentiate u with respect to time to get

ut = {f(r) + g(s)}r rt + {f(r) + g(s)}s st

= fr(−c) + gs(c)

differentiating again we get

utt = frrc
2 + gssc

2

and thus comparing utt and uxx we obtain the one-dimensional wave equation

∂2u

∂t2
= c2 ∂2u

∂x2
(38)

Consider the function

α u1 + β u2

where
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u1 = f1(x − ct) + g1(x + ct)
u2 = f2(x − ct) + g2(x + ct)

thus α u1 + β u2 is of the form F (x − ct) + G(x + ct) and thus satisfies the
wave equation. Thus if u1 and u2 satisfy the wave equation so does α u1 + β u2.
This is known as the superposition principle. The essential feature of wave
motion is the transmission of energy without the transmission of matter.

B One-dimensional derivation of equation for
longitudinal wave motion in an elastic medium

In this section we present a simple derivation for longitudinal wave motion in
an elastic solid. We seek to develop a differential equation describing particle
displacement, ξ, as a function of space and time. We will consider the simplest
case in which longitudinal wave motion is confined to the x direction in a cylinder
of constant cross-sectional area A. This is illustrated in figure 4.
From the above figure we see that the mass in some small slice is

∆m = Aρo∆x

where ρo is the equilibrium density. We now consider the motion of a point at
x + ∆x/2, the acceleration of this point is clearly given by

a =
∂2

∂t2

(

ξ(x) + ξ(x + ∆x)
2

)

(39)

Thus by Newton’s second law of motion (F = ma) we have

∆m
∂2

∂t2

(

ξ(x) + ξ(x + ∆x)
2

)

= A(∆P1 − ∆P3) (40)

where ∆P1 and ∆P3 are the changes in excess pressure in the volume elements
between x−∆x and x, and x+∆x and x+2∆x respectively, due to deformation.
From the definition of the adiabatic bulk modulus of elasticity these are

∆P1 = −B
ξ(x) − ξ(x − ∆x)

∆x

∆P3 = −B
ξ(x + 2∆x) − ξ(x + ∆x)

∆x
(41)

Thus we get

∆m
∂2

∂t2

(

ξ(x) + ξ(x + ∆x)
2

)

= B

{

ξ(x + 2∆x) − ξ(x + ∆x)
∆x

−

ξ(x) − ξ(x − ∆x)
∆x

}

(42)
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This can be rewritten as 5

∆m
∂2

∂t2

(

ξ(x) + ξ(x + ∆x)
2

)

= B

{

∂ξ(x)
∂x

∣

∣

∣

∣

x+∆x
+ ǫ1−

∂ξ(x)
∂x

∣

∣

∣

∣

x
+ ǫ2

}

(43)

taking lim ∆x → 0 we get

∂2ξ(x)
∂t2

=
B

ρ0

∂2ξ(x)
∂x2

(44)

thus

c =

√

B

ρ0

(45)

5remembering that
∆y
∆x

= f ′(x0) + ǫ

where lim∆x→0 ǫ = 0
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Figure 3: Variations in excess pressure along the beam axis x for a circular
plane transducer of diameter 2 cm for three different frequencies of transducer
oscillation. Note the multiple maxima and minima that make up the Fresnel
zone or region.
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