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1 Intro duction

Supposewe would like to designan ultrasonic imaging systemas showvn in Figure 1

eld ofview= ( 90°)

body ——

a= aperture
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_ angular
r = range resolution

resolution

f = frequency( 3 10MHz)
B = bandwidth

Figure 1: Basic engineeringparametersrequired in the designof an ultrasound system.
The transducer of width a sendsa short pulseof sonicenergyof duration t (or r assuming
a constart velocity of soundci.e ¢ t) into the tissuealonga narrow beam(path) of width
The imaging systemthen waits a time T before sendingout another pulse. During this time

T any echoesfrom obstaclesin the path are re ected and received by the transducer. Figure 2
illustrates diagrammatically this pulsetransmissionand re ection.

1.1 Maxim um range of an ultrasound imaging system

The velocity of soundin water and tissue (which has essetially the samedensity aswater) is
c = 1540ms ! (by comparisonair at STP is ¢ = 331ms 1!). If the delay between successig
pulsesis time T then the maximum range (axial range)r ., is

Moo = CT=2 1)
Generally it is desirableto designan ultrasound imaging system(USIS) that hasa large axial
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Figure 2: Ultrasound pulsetransmissionand re ection

rangesothat deepstructures within the body may be imaged. There are two factors that will
constrainr .,

the largerr,., the longerT will needto be.

energydissipation. Realtissueis vism-elasticand thuslongitudinally imparted ultrasound
waveswill attenuate with distance. Beyond somedepth there will not be enoughenergy
returning to the transducerto be detected.

2 Axial and angular resolution

The characteristics of the transducer limit the quality of the image which can be produced.
Two important characteristicsare



bandwidth The bandwidth will determine the rangeresolution r. A large bandwidth
meansa small r and asmall r meansthat small di erencesin the depths of objects
can be distinguished.

aperture size(a): alargeaperture impliesasmall . Notethat because isanangular
measure(in radians or degrees)he correspnding angular resolution in say millimetres,
X , will vary with depth.

Problem 1: What is the explicit relationship between and x ?

2.1 Axial resolution

Typically a transducer (piezo-electric)is capableof generatingand detecting frequenciesonly
within somelimited range,asillustrated in gure 3.

T
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|
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Figure 3: Ultrasound transducersoperate over a frequencyrange B certered about a certre
(alsoresonan or carrier) frequencyf .

The nominal certre frequency f , is often somewherébetween3 - 10 MHz. What bandwidth is
required for a rangeresolution of r ? Let us assumethat we require a rectangular pulse (as
shavn in gure 4) to be transmitted. Note that the pulseis supported by the carrier frequency
f¢ (i.e the resonan/centre frequencyof the transducer).

For a width r the duration of the pulsewill be t = r=c By using Fourier analysis
the frequenciesrequired to support suc a pulse can be obtained and will thus enable the
determination of the correspnding bandwidth.

The Fourier transform, P (f ), of the pulsein Figure 4 is

1 .
P(f) = pulset) e 2 ftdt
1
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Z =2 .
) pulsgt) e 2 ftdt (2)

t=

?tsinc[ (fc f) t]+ %sinc[ (fe+ f) 1] (3)

wheref is frequencyand sinc= sin(x)=x.

Problem 2: Verify equation (3) ? Hint: expresscosin complex form.

(
_ 0 ifjtj > &
pulse(t) = cos(2 fct) otherwise
t
4/\ (\ m >
i _t
2 —2 time
cos(2 f¢t)

amplitude

Figure 4. A pulse of duration t supported by a carrier frequencyf.. For corveniencethis
pulseis certred ont = 0.

The Fourier Transform, P(f), of the pulse is plotted in Figure 5 and consistsof two sinc
functions, one certred on +f. and the other on f.. Most of the energy of the pulse can be
transmitted if the transducerhasa bandwidth extendingto the rst zerosof the sinc function.
The rst zeroof the sinc function occurswhenthe argumen of the sinc function is equalto
and thus

(fe f) t
) (fe f) t

I
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and thus the bandwidth, B, is given by

B=2 f=2=t=2c=r 4)

Example 1:

For a radial (axial) resolution, r, of 1 mm what bandwidth is required ?

r = 1 10°m
t = r=c 65 10 's
B 2= t = 3:08MHz

Question:

If this bandwidth is useda rectangular pulse shape will not be obtained. Why
? What will the pulse shape look like ? Will 1 mm resolution be obtained ?
Why ?

P(f) B=2 f

fe f

/\/\/\/\{\5/\/\/\/\/\ f
v\/\/\/\/\/E JVV VYV E\/\/\/\/\/v

f. o

Figure 5. The Fourier Transform, P(f ), of the pulsein Figure 4. Most of the energy of the
pulsewill be cortained within the two main lobescertred at +f. and f..

It is desirable(in orderto maximiseaxial resolution) to increasethe bandwidth B by reducing
the duration, t, of the pulse. Howewer it is not possibleto do sowithout consideringthe the
carrier frequencyf.. The pulsewidth cannot be reducedbelon 1=f. asthere would then be
lessthan one completecycle of the sinusoid supporting the pulse. Thus
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B 2f, (5)

For greater axial resolution a transducer with a higher certre frequencyf . must be used. In
generaltransducersare resonarn systemsand their bandwidth is roughly proportional to their
certre frequency In generalthe bandwidth is typically somewherebetween0:2  0:5f ..

2.2 Angular resolution

Transducerstypically presen either a circular or rectangular faceto the surfaceof the body.
The face of the transducer is the aperture through which the acousticradiation passes.The
aperture may be a singlepieceof ultrasonic material (e.gpiezo-electriccrystal) or be divided up
into seeral pieces. A circular aperture may be divided up into a seriesof concertric rings, as
shown in Figure 6a. This canbe usedto improve the angular resolution nearthe transducerhby
focusingthe beamin much the sameway asa Fresnellens. A rectangulararray may be divided
up into a seriesof rectangular strips ( gure 6b). This approad can be usedto electronically
steerthe beam (seelater sectionon phasedarrays).

©

(a) circular aperture

(b) rectangular aperture

Figure 6: Typical multi-elemert transducerarray con gurations

The size of the aperture determinesthe size of the beam. Consideran aperture of sizea as
shovn in gure 7. Further supposethat the entire aperture is driven at a carrier frequencyf .
and transmitting acoustic energyto a receiwer at distanced and angle with respect to the
certre of the aperture. By sweepingthe receiwer through di erent anglesof someindication
of the width of the beamis obtained. The resultsis a beam pattern typically like that shavn
in Figure 8.

Ideally for high angular resolution it would be desirableto measurea pattern where most of
the acoustic energyis concenrated at = 0 and very little is concertrated elsewhere. For
simple situations like that of gure 6 the beam pattern can be explicitly calculated. The idea



, (X) receiver

Figure 7: The spatial pro le of the beam can be determined by sweepinga receiwver through
the angle and measuringthe incident acousticenergy

is simple. Each point of the aperture is treated as if it is radiating a circular (or in three
dimensionsa spherical) wavefront. By the principle of linear superposition the resultant wave
at an obsenation point P is found (see gure 9)

energy

. . angle
_angle

Figure 8: Typical angular distribution of acoustic energyfor a homogeneouslyexcited ultra-
soundtransducer.

Let r(y) bethe distancebetweenthe point y in the aperture and the obsenation point P. Then
ignoring any attenuation dueto distancethe total signal obsenedat P is

z a=2

Sm= st ry)=9dy ©)

where s(t) is the signal at the aperture. The term r(y)=c takesinto accour the time taken
for the signalto read the obsenation point. Now assumefor simplicity that ead point in the
aperture radiates homogeneoushand sinusoidally thus
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Figure 9: Diagrammatic illustration of the calculation of beampro le at an arbitrary point.

Z .
S = cosi2fe(t r(y)=9]dy @)

It is conveniert to rewrite the above equationin terms of a complexexponertial. Thus writing
cosasa complexexponertial equation (7) becomes

VA a=2 .
Re e i2 fc(t r(y)=c dy
a=2
. Zaa
- Ree i2 fet e i2 fcr(y)=cdy
a=2

S(t)

where Re indicates the real part of the expression.It is usefulto separater (y) into two parts:
a xed part, d, and a small correction r(y)

r(y) =d+ r(y) (8)
and thus
Z =
S(t) = Ree i2 fet e i2 fofd+ r(y)gzcdy (9)
a=2
— Ree 2fctg i2 fcdzcz a=2 e 12 fe =gy (10)
a=2



Note that the shape of the beam pattern is now enbodied in the last term involving the
integral (variable geometricterm). The other two terms are temporal and constant geometric
respectively. Theseterms can be ignoredfor the purposeof calculating the beam pattern.

It is possibleto work out an explicit form for the function r(y) for the geometryin Figure 9.
For simplicity we will assumethat d  a sothat the angle is e ectively =2 (seeFigure 10).
This is calleda \far eld" appraximation. Thus the variable geometricterm, S° reducesto

z

0 _ %2 5 ¢ sin()=c
S° = e dy
a=2
= asinc[ fc.asin( )=d (12)

Thus the \far eld" ultrasound beam produced by a rectangular aperture has the form of
a sinc function as shavn in Figure 11. Note that there is one main lobe to the beam and
multiple side lobes of decreasingamplitude. This is not the ideal situation. In practice it is
desirableto eliminate the side-lokessothat any echoesreceived can be assumedto arise from
atarget directly in front of the aperture. In principle and in practice side-lobescan be largely
eliminated by using an aperture for which the intensity of the transmitted wave decreases
gradually from the certre of the aperture to the edge( gure 12). Using an aperture with a
tapered excitation is called apodisation. The exact shape of the beam formed dependson the
shape usedfor apodisation. Generally analytic results cannot be obtained and thus numerical
and computational (e.g nite elemen) methods must be usedto determine accurately the
ultrasound beam pattern.

y - P

L

a=2 /7///

a2 "

r(y)= ysin()

Figure 10: \Far eld" approximation for calculating ultrasound beam shape.
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beam width

SO= asind fcasin( )=d

main lobe

.

side lobes rst zerosat fqasin( )=c= 1
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Figure 11: The ultrasound beam pattern for a rectangular array.

While the rectangular aperture producesa lessthan ideal beam shape most of the important
relationships betweenbeamwidth and other imaging parameterscan be determined. Assume
that the e ective beam width is is the angular distance betweenthe rst zerosof the sinc
function on either side of the main lobe. As we have noted previously the rst zerois obtained
when the argumen of the sinc function is equalto . Thus from equation (11) and referring

to Figure 11the rst zerooccurswhen

fcasin( )=c= (12)

and thus the beam width () is

rectangular window

/

__— taperedwindow

N
N
N
N
N
S

y

a=2 a=2

Figure 12: lllustration of an aperture with tapered excitation that reducesside-lobes
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C
=2sin! — 13
si ar (13)

Thus increasingeither the aperture sizea and/or the certre frequencyf . will reducethe beam
width and leadto greaterangular resolution.

Example 2:

For an angular resolution, , of 1 (i.e =180 radians) and an aperture no
larger than 1 cm what frequency should the USIS operate at ?
From equation (13)

f=_ C
©7 asin( =2)
and thus
¢ 154 10ms ?
¢ 1 10 2m sin( =360)
= 17:7 MHz
Problem 3:

Verify equation equation (11).

Question:

How might one go about determining a more accurate relationship between
beam shape and the dimensionsof the rectangular aperture ? Hint: consider
the \far eld" assumptionthat wasusedin obtaining equation (11).

2.3 Frame rate

Inside the body there are structures which can move quite rapidly. In order to obtain a clear
image of thesestructures the time takento acquirethe imageshould be short in comparisonto
the time scalesover which thesevarious structures move. It is thereforeimportant to consider
the rate (speed)at which a USIS can acquireindividual images.

Considera USISthat hasa eld of view andanangularresolution  anda maximum range
I - 1he number of beamswhich must be transmitted to interrogate the ertire regionis =
The time taken for ead beamto cover the distance 2r,,,, is T = 2r,. =C So the total time
requiredto acquireoneframeis
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2T

tframe - C (14)
and thus the frame rate, FR, is simply the reciprocal of the above i.e
c
FR = 1
2rmax ( 5)

Example 3:

Consider an USIS with angular resolution 1 and a eld of view of 90 , and
an r..x of 15cm. What is the frame rate ?

Fr o 154 10°ms !t 1
T2 15 102m 90

= 57Hz

In practice clinical systemsare somewherearound 30 frames per second.

Question:

Is 30 frames per secondfast enoughto image the beating heart ? Who said
so?

3 Phased arrays

As we have seena single transducer will sendout an ultrasonic beam only in one direction.
In order to form an image the beam must be steeredto sweepout a range of directions. This
can be easily done medanically with a motor. The earliest USIS usedthis approad. It is
alsopossibleto usemultiple transducersthereby steeringthe beam electronically by adjusting
the relative phaseof oscillation of eat transducer. This is by far the most commonapproad
currertly usedand the array of transducersusedis call a phasel array.

The phasedarray is typically composedof a linear array of N transducerswhich together
comprisethe USIS aperture. For examplea USIS aperture of 1 cm lled with 128transducers
meansthat ead transduceris a little lessthan 0.1 mm in width.

Considerthe phasedarray shavn in Figure 13. In this gure there are N transducerslabelled
fromO0to N 1. The position of certre of the n-th transduceris

1
n+

Vi = n=0:xN 1 (16)

Sle

2

and let the signal fed to the n-th transducerbe
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a=

Figure 13: Con guration of transducersin the phasedarray discussedn the text

Sn(t) = coq2 fct ) (17)

where , isthe relative phaseof eat transducerwhich is adjustedto steerthe ultrasonic beam.
If , = O the situation is just the sameas that discussedn section 2.2 (Angular resolution)
and the certre of the main lobeis certred on = 0. With the phasedarray we are ableto steer
the main lobe of the beamto other valuesof .

3.1 Phase array analysis for N = 1

In practice the number of phasearray elemetns is large, typically of the greaterthan 100o0r so.
Thusto rst approximation it is reasonabldo beginthe analysisof the phasearray by assuming
that the relative phaseof adjacen elemernts is a continuousfunction of aperture distancey i.e

n (y)

For this casethe signal received at point P is as beforegiven by

z a=2
S(t) = s(t  r(y)=9dy (18)

a=2

wheres(t) is now de ned to be
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s(t) = cod2 fct  (y)] (19)
By following the samesequencef stepsasin the analysisof section2.2 we obtain

Z o

S(t) = Ree i2 fcte i2 fcd=c 2 e i2 f¢ r(y)=ce i (y) dy (20)
a=2

Note that the terms on the right hand side correspnd respectively to: temporal, xed geomet-
ric, variable geometricand beam steeringcomponerts of the ultrasonic beam. Making the \far

eld" assumption(i.,e d a) the beam pattern (i.e the integral on the right hand side of the
above equation) becomes

=
S0 & e 12 fefysin = ()= fo)g gy 21)
a=2

Note that in equation (11) of section2.2 (y) = 0 and the beamhad a maximumat = 0. In
this casethe ultrasound aperture would be radiating a plane wave as shown in Figure 14(a)

Howewer from Figure 14(b) we obsene that a plane wave propagating at an angle ( with
respect to the transducernormal implies that the di erence in the arrival time of a wavefront
arriving at y on a line perpendicular to the transducernormal comparedto the arrival time of
a wavefront arriving at y = 0 is given by

t= r=c=ysin( ¢)=C (22)

and thus

(y) = =2 f. t=2fcysin(o)=c (23)

substituting this expressionfor (y) into equation (21) and integrating gives

S°= asind fca(sin sin ¢)=d (24)
As beforea sinc function is obtained which hasa maximumat = . Howewer asillustrated in
Figure 15it is no longersymmetricabout = . Thereforemore careis requiredin calculating

the beamwidth (i.e the angular distance betweenthe rst zeroseither side of the main lobe).
The rst zeroslie at

(+1

fea(sin sin g)=c= 1

(25)
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(b) a

‘/'t = r=c= asin( g)=c

Figure 14: Diagrammatic illustration of how the certral lobe of an ultrasonic beamis steered
by linearly varying the phaseof transducer oscillation acrossthe USIS aperture. Vertical lines
represem wavefrorts.
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and thus

sin , = sin o+

sin sin ¢
O af

and thereforethe beam width is

= . (26)

! !
. c . . C
! sin g+ — sin?! sin, — (27)

= sin
af ¢ af .

Note that this reducesto equation 13when o = 0. Notice alsothat the beanwidth increases
asthe beamis steeredto the side. This is illustrated in Figure 16.

a=001m fc=3 10°Hz (=40 c= 1540ms ?
0.01
' [

0.008—

0.006 .

0.004— .

0.002

-0.002

|
=2 0 PAIRN =2
0 +
Figure 15: Beam pattern of a phasesteeredarray (seeequation 24).

Problem 3:

Verify equation (24).
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a=001m fc,=3 10°Hz (=40 c= 1540ms !
20 T T T T T T T T T
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-80 -60 -40 -20 0 20 40 60 80

o (degrees)

Figure 16: Beam width asa function of beamdirection for a cortinuous phasedarray. Trans-
ducer parametersare the sameas Figure 15.

3.2 Phase array analysis for nite N

In the previous section the beam pattern obtained assumedan in nite number of in nitely
small adjacert transducers. However becausereal USIS are composedof only a nite number
of transducersit is important that we understandthe beampatterns producedfor suc discrete
arrays. If the number of transducerelemerts, N, becomegoo small, or, if the elemerts become
too far apart there can be problems. Most importantly the beam pattern produced may have
more than one main lobe. If this happens, more than one beam s producedand it becomes
impossibleto determinethe radial direction in which an edho was generated.

We can nd out exactly whenthe problem occursby assumingthat the cortinuousaperture of
the previous sectionnow radiates from point sourcesonly i.e

Y 1
sO= 5 cof2ft (v ) (28)

n=0

wherey, is given by equation (16) { seealso gure 13. By substituting this into equation (18)
and carrying out an idertical sequencef stepsasperformedin the previoussection(i.e making
the \far eld" assumption)the beam pattern for this quantisel aperture, S9, is

a1t : .
S’(\Jl — ﬁ ep2 feyn(sin - sin g)=c (29)
n=0
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a'x?

— N ejZfCa[n+(l N)=2](sin  sin g)=(Nc) (30)
n=0
a . N & .

— Néz fca(l N)(sin  sin g)=(2Nc) éz fena(sin - sin g)=(Nc) (31)
n=0
1

_ Niepz fea(l N)sin  sin 0)=(2N¢) X gkn (32)
n=0

wherek = 2 f.a(sin @ sin ¢)=(Nc). Note that the last expressionis a geometric seriesin €.
Remenbering the formula for the sum of a geometricseries

lj(lx_l xN

N = 33
n=0 1 x ( )
and thus
X1 1 ek
= T (34)
n=0
e ik N=2 e ik=2 1 ékN
= e kN=2 g k=2 1 gk (35)
ik N=2 jk N =2
_ k(N 1=2€ e
= e e k=2 gk=2 (36)
= k(N 1)=2W 37
¢ sin(k=2) (37)
Substituting this last result into equation (32) and simplifying gives
a sin[ fca(sin sin o)=d
Sy = = = . . 38
N N sin[ fea(sin - sin ¢)=(N0)] (38)

Note that in the limit asN ! 1 equation (38) reducesto equation (24). Further note that
when

sin  sin ¢ _

fcoa
¢ Nc

m=20;, 1, 2:: (39)
S% = ( 1)™a=N (equation 38). Thus other additional main lobescan appear on either side of

the certral main lobe as shown in Figure 17 This will causeproblemsonly if theseadditional
lobeslie in therange =2< < =2.In patrticular it can be seenfrom equation (39) that if

fca< 1

. 40
Nc maxjsin sin gj (40)
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then no additional lobeswill be seen. As both and  are constrainedto lie in the range
[ =2; =2]the maximum of j sin sin o = 2 and thus no additional lobeswill be seenas

long as

foa

N < 2 (41)

(@]

< (42)

Zlo
N

where = c=f.. In other words: additional lobes can be avoidal providing the spacing between
transduer elementsis lessthan half the ultrasoundwavelength.

a=001lm f,=3 10°Hz =20 c= 1540ms 1

a=N i
= —
a=N . 5 5 ,

\ sin 1hsin Ne' \
0 fca 0

Figure 17: Illustration of the appearanceof an additional main lobe for N = 20 (a=N < =c).
Seetext for further details.

Now given nite N how far can we steerthe beam, ,, beforethe appearanceof additional
main lobes? From Figure 17 and equation (39) for > O we note that an additional lobe can

be avoided if

sin (43)

_,.
(9]
N |



or on rearranging

o sin! — 1 (44)

and thus for nite N the eld of view will be 2sin *[Ncf.a) 1] in order to avoid any
additional main lobes.

Example 4:

Consider the USIS of Example 3: beamwidth = 1, a = 0:.01 m giving an
fo= 177 MHz. If we want to steerthe beamover the range 90 { 90 what
is the minimum number of elemens that must be used?

N > Za: = ZafCZC
2 1 10%2m 177 10Ps?
B 1540ms 1
230elemeris

Example 5:

Considerinstead we want to use 128 elemers and not 230 asin the previous
example. How far can we steer the beam without generating additional, and
therefore unwanted, main lobes? What is the eld of view for this USIS.

#

1 128 1540ms ! 1

177 10¥s 1 1 10 2m
O:11rad (6:53)

0 sin

and therefore the eld of view is 0.22 radians or about 13:06 , which is not
very good. Note that the eld of view can be increasedby reducing the linear
dimension of the USIS aperture (a).

Problem 4:

Elaborate the stepsrequired to obtain equation (38).
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4 Summary

maximum range, r ..

bandwidth, B

frame rate, FR

beanmwidth,

number of elemerns

beamsteer

' _cT
max 2
2 2
B= == <o,
t r
c
FR =
2I'.max
= sin ! sin o+L
af .
N> 22
IIN #
. C
sin! — 1
0 f.a

sin

1

sin o

Table 1. Summary of the main equationrequiredto designa USISwith a rectangularaperture
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