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Abstract

A set of non-linear continuum eld equations are preseried which describe the
macroscopicdynamics of neural activity in cortex. Numerical solutions of the cou-
pled non-linear system of partial di erential equations show properties analogous
to cortical evoked potentials, oscillations at the frequency of the mammalian alpha
rhythm and non-stationary epileptic spikes.
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1 Intro duction

Spatially cortinuousdescriptionsof the activity of cortical tissue are comple-
mertary to the more traditional and familiar neural network models which
emphasisehe discretedistribution of neuronsin cortex. Sudh cortinuum de-
scriptions can be motivated both physiologicallyand anatomically [2]. Further
thesedescriptionsallow mathematically tractable and computationally inex-
pensiwe solution of large scalemodelsof neural tissueand are especially useful
in the modeling, description and putativ e explanation of macroscopicelectro-
cortical activity (e.g electro-encephalogramand ewoked potentials). Indeed
under certain restrictions and approximations pseudo-analyticalsolutions can
be obtained [4]. Theories resulting from assumingspatial cortinuity are of-
ten referredto as cortical mean eld theories in that populations of neurons
generatea eld of neural activity which can be approximated to rst ap-
proximation by the mean activities of denselyinterconnectedlocal neuronal
aggregates.Sud local neuronal aggregates for the purposesof illustration,
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may be thought of as correspnding to someputatively identi ed elemenary
structural or functional columniation of cortex.

Cortical eld theorieshave beendewelopedascoupledsetsofintegro-di erential
equations[8,5], coupledsetsof non-linear ordinary di erential equations[2,9],
and more recerly as coupledsetsof non-linear partial di erential equations
[3,7]. Howewer all have been of limited utilit y becauseof the absenceof a
clear relationship between variables and parametersof the theory and what
is experimertally measurable.Presered here are are a set of equationsthat
by the inclusion of anatomically derived neuronalconnectivities,ionic reversal
potentials and fast excitatory and inhibitory channelkinetics amelioratemany
of theseproblems.

2 Theory

In order to avoid details of cellular and cortical geometry the state variable
to be modeledis the mean somamembine potential, h; (j = e;i), which for
excitatory neuronsis consideredto be linearly related to the assaiated local
eld potertial and hencethe electro-encephalogranj2,5], and hencewill be
cortinuousin space.Ead neuronis consideredas a single RC compartmert
into which all e erent synaptic activity terminates. Further it is assumedhat:

the model neural tissue consistsof two functionally distinct, homoge-
neous,excitatory and inhibitory neuronal sub-populations.

there are two, isotropic and homogeneousscalesof neuronalinteraction
- cortico-cortical (long-range) and intra-cortical (short-range).
cortico-cortical b ersare exclusiwely excitatory and synapseon both ex-
citatory and inhibitory cell populations.

cortico-cortical b er density falls 0 exponertially with distinct charac-
teristic scalesfor excitatory-excitatory and excitatory-inhibitory interac-
tions.

intra-cortical axonal conduction delays are negligible.

relative refractory periods are ignoredto rst appraoximation.

synaptic and conduction delay distributions are assumedsharply peaked
about certral values.

the e ect of pre-synaptic activity on the post-synaptic cells menbrane
potential is descrited in terms of a sourceterm driving a secondorder
systemwith two real and equaleigervalueswith the time scalesof sud ef-
fects correspnding appraximately to \fast" excitatory (AMP A/k ainate)
and \fast" inhibitory (GABA A) neurotransmitter kinetics.

the output of ead functionally distinct neural massis de ned in terms of
its averageinstantaneousaction potential ring rate, S; (j = e;i), which
is a sigmoidalfunction of the meansomamembrane potertial, h;.



Basedon the above assumptionsa pair of coupled integro-di erential equa-
tions can be derived [4], which cortain kernelsof convolutions correspnding
to transmitter kinetics and cortical connectivity. By taking the Fourier Trans-
form of these kernelsof (Greensfunctions) integer derivative terms in space
and time can be identi ed thus allowing the integro-di erential equationsto

be rewritten asa coupledsetof non-linear partial di erential equations.Based
on this result and under the restriction that S; and h; do not vary signi cantly

over the characteristic scalesof intra-cortical connectivity (spatial coarsegrain-

ing), it can be shown that the following are valid one dimensionalmean eld

dynamial equations
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wherej; j°= e;i. Table 2 de nes all symbols used.Equation 1 correspndsto
an averageneuroninto which all the synaptic\currents" terminate. Equations
2 and 3 correspond to the activation of post-synaptic receptorsby incoming
pre-synaptic activity. Equation 4 describesthe propagation of neural activity
(in terms of action potential rings) by the cortico-cortical (long-range b ers).

3 Numerical Solutions

A one-dimensionalvon Neumann-Ridhtmyer nite di erence solver [6] cou-
pled with a fourth-order Runge-Kutta method was used for the numerical



e;i  excitatory, inhibitory i membrane time constan

h; mean soma membrane poten- mean synaptic delay
tial
i transmitter rate constart vV  mean cortico-cortical conduc-
tion velocity

i post-synaptic potential ampli- h{  resting cell membrane poten-
tude tial

Ng total number of connections hjeq reversal potential assaiated
that a cell of type j re- with synapsesof typej
ceivesfrom excitatory cellsvia
cortico-cortical b ers

N;q total number of connections §;  mean ring rate
that a cell of type | receiwes
from cells of type j ° via intra-
cortical b ers

ej  Characteristic scaleof cortico-
cortical b ers

solutions of equations(1)-(4). Figure 1 illustrates three oscillatory modesfor
the mean somamembrane potential of excitatory cellsin responseto varia-
tions in the mean amplitude of an homogeneoushapplied spatio-temporally
band-limited white noisedriving excitatory cells- (i) low amplitude oscilla-
tion at 13 20Hz (mammalian beta), (i) moderate amplitude oscillation at
8 13 Hz (mammalian alpha) and (iii) high amplitude oscillations (analo-
gousto epileptic spikes) assaiated with the regenerative spreadof excitation
(gure not shaown).

Figure 2 illustrates the temporal response of excitatory neuronsat x = 0
for two excitatory impulsesof di ering durations. The form of the damped
oscillatory responsesresenblesthe middle and late componerts found to exist
in a variety of cortical even-related potentials (ERP). Of particular note is
the notch on the rst \wave" of excitation at about 25 ms. Sud a notch is
found in averageewked potential recordingsfrom pre-pyriform cortex when
the lateral olfactory bulb is stimulated. Freemanexplainedthis asthe result
of re-excitation of pyramidal cellsby pyramidal cells[2]. This resultis the rst
unequivocal replication of this phenomenonwhich demonstratesthe mutually
excitatory connectionsthat are crucial for learning [1].
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Fig. 1. lllustration of three oscillatory modesof the mean somamembrane potential
of excitatory cellsat x = 0in responseto homogeneoudlriving of inhibitory and ex-
citatory cellswith spatio-temporally band-limited (< 6:2radcm 1; < 620rads 1)
white noise. (i) hpee(X; t)i = 1:1 ms * (solid line) (i) hpee(X; t)i = 1:4 ms ! (dashed
line) (iii) hpee(X; )i = 1:5ms 1 (dotted line). Other parametersfor the driving noise
were var[pee(X; )] = 1:0ms 2, var[pei(X; t)] = 1:6 ms 2 and hpei(x;t)i = 1:6 ms 1.
Boundary conditions were null ux, simulation time step was 0:1 ms, ¢j = 5ms,

e=018mV, ;= 037mV, ¢=03ms ! ;=0065ms % h;= 70mv,
h$d=45mV, hi%=  90mV, Ngge = 3034,N;g; = 536, Nge = 4000,N; = 2000,
ee=04cm L 4 =065cm 1, v=07cmms Y rgps=1ms, ¢ = 50mV,

Ge=028mV 1, g = 014mV 1 Emax: Imax = 1 ms *and = 0 ms. Further
details about the parameter valuesused can be found in [4].

4 Conclusions

Inhomogeneitiesare easilyaddedto the equationsderived if gradiert informa-
tion is ignored and areal variations occur at characteristic scaleslarge com-
paredto numerical discretization. Further the issueof cortical lamination can
be most pro tably addressedithin this theory, by consideringmorethan two
local neuronal populations. Equations (1)-(4) allow the easyinclusion of any
number of spatial scalesand neuronal sub-populations and may be especially
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Fig. 2. Temporal responseof excitatory neuronsat x = 0, to two di erent impulses
appliedat x = 0- (i) 2ms ! (height), 20 ms (width) (solid line), and (i) 40ms 1,
1 ms (dashedline). ge;; = 0:28 mV ! otherwise all simulation parameters are the
sameas Figure 1.

useful in the modeling of distributed cortical systemssud as the olfactory
system(seefor example[9]).
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