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1 Introduction

The use of field equations to describe the spatio-temporal properties of
neural activity has a relatively recent history. The works of Beurle [1], Wil
son and Cowan [2] and Nunez [3] represent some of the earliest examples
of such theories. However results and insights obtained by these methods
were inevitably o sed by deficits in jcal and physiolog

data, as well as the limited utility of their non-linear integro-differential
formulations. Further such theories are incapable of dealing with areal
inhomogeneities and anisotropies, between scale interactions and single

2 Integral Formulation

In order to avoid details of cellular and cortical geometry the state va-
riable modeled is the mean soma membrane potential, hj, which for
excitatory neurons has been demonstrated to be proportional to the mir-
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where 7/,7 € R? and pj(r)S;(r, 1,€,v) /}e(v)d;?,(g)ﬁ?r 5t 5¢6v are the
number of action potentials occurring between ¢, ¢ + 6t within 8% about
r along conduction fibers of conduction velocity between v, v+ §v having
combined synaptic delays between £,¢ + 6¢ from cells of type j' for fi-
ber system type k. h;(r,t) is the deviation of the mean soma membrane
potential from the resting state of neurons of type j at r at time ¢, pjs is

3 Simplifications via assumptions

The previous defining equations are simplified by assuming

 two functionally distinct excitatory and inhibitory nenronal subpopu-
lations

 two spatial scales of neuronal interaction - cortico-cortical (long-range)
and intracortical (short-range) connectivity
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neuron stochasticity. Later workers have improved the specification and
accuracy of anatomical and physiological parameterisation [4-6] and/or
have introduced computationally more efficient partial differential for-
mulations [7,8], yet all have retained some arbitrary or unphysiological
properties. The theory presented here preserve the general mathemati-
cal form and specifics of cortical architectonics of the earlier advances
[7,8,5,6,4], and by the introd of realistic neur itter kinetics,
fonic reversal potentials and a more complete partial-differential formu-

ror image of the extracellular local field potential in cortex with axially
symmetric neurons oriented perpendicular to the surface [18]. Each neu-
ron is considered as a single RC compartment into which all efferent

the neuronal cell density, G ;(¢,1’) is the post-synaptic response of a cell
of type j at time ¢ due to a single pre-synaptic action potential arriving
at time ' from a cell of type 5/, n} (') is a function describing the ex-
pected number of axo-synaptic connections received by a neuron of type
j at 7 from a neuron of type j’ at ' for the kth fiber system, 7; is the
membrane time constant and v(h;) is a weighting function describing

o cortico-cortical fibres are exclusively excitatory and synapse on both
excitatory and inhibitory cells

@ local axonal propagation delays are considered negligible

o neuronal connectivity functions are isotropic and homogeneous
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with w;(hy) = (S = hy)/|hT — h,| where b7 is the reversal po-
tential ‘associated with post-synaptic excitatory (j = €) or inhibitory
(4 = i) activity. 7 is the resting membrane potential and h; is rede-

fined as the absolule membrane potential. p,j,p;; represent local exci-

4 Functional specifications

The effect of pre-synaptic activity on the post-synaptic cell’s membrane
potential is described for simplicity in terms of a source term driving a se-
cond order system with two real and equal eigenvalues. This corresponds
to the “alpha” function of the dendritic cable theory of Rall [11] and can
be justified in terms of the ensemble kinetic behaviour of transmitter-
activated channels [12]. Under certain assumptions other kinetic schemes
are easily incorporated [12]. The impulse response is then

Gj(t) = Tjyjtexpll —;t] for ¢>0,0 otherwise ©)
where Tj is the peak amplitude of the post-synaptic potential, and
7 is the associated rate constant. The values chosen for the post-
synaptic time correspond ly to “fast” excitatory
(AMPA /kainate), j = e, and “fast” hibitory (GABA ), j = i, neuro-
transmitter kinetics [13]

5 Partial differential formulation

The previous non-linear integro-differential equations can be approxima-
ted by a coupled set of non-linear partial differential equations by de-
termining the corresponding Greens functions. A typical time-retarded
spatial integral based on equations (2) is
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where @ is defined as a pseudo-potential. This equation identifies a
Greens function as

G(r,tir' t) = aw(lIr =1 )o(t = '~ || ='|| /3) ®
By taking the Fourier transform in space and time of this Greens function
partial derivative terms can be identified, however the resulting equation
is not analytically invertible. Therefore a first order in mumerator and
second order in d )r rational (Padé) in frequen-
cy abont a vanishing wavenumber, consistent with a mized order partial
differential equation, is used. Thus the integral equation (7) can be writ-

tatory and inhibitory input to each neural sub-population, respectively.
Se(r,t)8t, S;(r,)dt are the fraction of excitatory and inhibitory cells be-
coming active between ¢, ¢ + ¢ at r, respectively. Ge, G; (Gy; = Gj)
are now defined as the time invariant post-synaptic impulse responses,
Bjrj(r), ajrj(r) are functions describing the expected number of synapses

The form of the short (intra-cortical), 3, and long range (cortico-cortical),
«, connectivity functions are approximated for an isotropic cortex by [4,5]
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where N7, s the total number of connections (synapses) that a cell of
type j receives from cells of type j via intra-cortical fibers and N;‘j is the
total number of connections that a cell of type j receives from excitatory
cells via cortico-cortical fibers.

The functions Se(he) and Sj(h;) describing excitatory and inhibitory
population pulse rates, as a function of the respective mean population
membrane potentials, are in general non-linear. Based on the require-

ten as the following quasi-linear hyperbolic partial differential equation
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where V? is the two-dimensional Laplacian. Robinson et al [7] derived

a similar result. Because the Fourier transform of the one-dimensional

time-retarded spatial integral contains only integer derivative terms in

space and time the corresponding partial differential equation is ezact
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The above equation is similar in form to that obtained previously by Jirsa

and Haken [g8]

Similar results apply to the other time-retarded spatial integral in equa-

tion (2). Based on this result and under the restriction that S; does not

vary significantly over the characteristic scales of intra-cortical connec-

tivity (spatial coarse graining), it can be shown that the following are

lation, remove many of their arbitrary features as well as suggesting a
more veracious framework upon which notions of self-organizing dyna-
mics may be developed. All parameters of the resulting equations are
obtainable from independent experiment. The equations are now found
to describe an increased range of experimentally observed macroscopic
electro-cortical phenomena,

synaptic activity terminates. Synaptic activity is described in terms of
the deviation of the mean soma membrane potential from the resting
state.

()5 (r. ) + i) &

the effects of the mean soma membrane potential on the magnitude and
time course of dendritic activity due to pre-synaptic action potentials,
To first this can be calculated by assuming a linear -V
(Ohmic) between post-synaptic current and membrane po-
tential. Higher order expressions for the I-V relationship can be found by
Tequiring a constant transmembrane electric field (zero membrane charge
density) in the solution of the Nernst-Planck equation [9]

o relative refractory periods are ignored to first approximation

o synaptic and cortico-cortical conduction delays are assumed sharply
peaked around a central value

Tt can be easily shown that the application of these assumptions gives rise

to the following set of coupled non-linear integro-differential equations
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received by one cell, of type j, from another, of type ', separated by a
distance || 7 || for short (intra-cortical) and long range (cortico-cortical)
connectivity respectively. The formulation presented here differs signifi-
cantly from that of Jirsa and Haken [§] in that inhibitory activity is not
assumed to be a linear function of the extant excitatory activity.

ments of firing rate boundedness and monotonicity the general form for
this non-linearity will be sigmoidal [2] For instance Se (he) can be defined
as[2]

Selhe) = Frma(1 + Tabs Frma + exp~ge(he — 6)) ™" (6)
where g, is proportional to the maximum slope which can be shown to be
related to the reciprocal of the variance of firing thresholds in an homo-
geneous neural population [2], f sents a popul or
firing threshold, 7y, is the absolute refractory period and Epmqg is the
maximum fraction of excitatory neurons that can become active per unit
time and will be related to the width of the action potential. The abo-
ve expression can be defined such that Se(hf) = 0, however this will
introduce a differentiable discontinuity that may be neither realistic or
necessary. A similar expression applies to S;(h;)

valid mean field dynamical equations
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(Ties 1), NE = (NG, NE)T, NP = (N2, NEYT, N© = (N, N&)

b = (God)) A = diglheesAgi), 7 = diog(re,ms), T(h) =
diag(v;(he), ¥j(hs)

). Pe = (Peesei)”, Pi = (Pics i) and T s the iden-
tity matrix




6 Numerical Solutions

Fourier-Laplace techniques have been previously applied to a linearized
version of equation (2)[14]. Numerical solutions (phase-magnitude, root-
loci and dispersion) reveal the presence of spatially weakly damped travel-
ling waves at, or near, the frequencies of mammalian alpha (8 — 13 I72).
The of such dynamics was dependent on the inclusion of long
range excitatory connections. Further, increases in inhibitory interaction
strength had the dominant effect in increasing the corresponding tem-
poral frequencies, and decreasing their associated temporal dampings, of
the mean soma membrane potential of excitatory and inhibitory neu-
rons. Such results are consistent with the reported, paradoxical, effects
of selective GABA 4 agonists (benzodiazepines) in increasing beta power
(13 — 20 Hz) and decreasing alpha power in jan EEG [15].

A one-dimensional von Neumann-Richtmyer finite difference solver
[16]coupled with a fourth-order Runge-Kutta method was used for the
numerical solutions of a one-dimensional version of equations (11)-(14)
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Figure 1: [llustration of three oscillatory modes of the mean soma membrane poten-
tial of excitatory cells at & — 0 in response to homogeneous driving of inhibitory and
with spatio-temporally band-limited (< 6.2 radem ', < 620 rad's )
white noise. (i) (pec(,2)) = 1.1 s (solid Tine) (i) (pee(,£)) = L4 ms (dushod
line) (iif) (pee(z, )) = 1.5 ms (dotted line). Other parameters for the driving noise
were varlpee(z, £)] = 1.0 ms~, varlpi(z, 1)] = 1.6 ms~ and (pei(z, t)) = 1.6 ms~.
Boundary conditions were null flux, simulation time step was 0.1 ms, 7,5 = 5 ms,
T, =018 mV, T, = 037 mV, 7, = 03 ms™, 5 = 0.065 ms™, k!, = ~70 mV,
5 mV, B = —90 mV, N2, = 3034, N7, = 536, N2, = 4000, N = 2000,
4 em™l, Ay = 065 cm™), B = 0.7 emms™, 14, = 1 ms, 0 = —50 mV/,
90 = 028 mV™" g = 0.14 mV~", Fpsz, Tonae = 1 ms™ and € = 0 ms. Further
details about the parameter values used can be found in [4] and [14]

7 Conclusions

The present theory thus embraces a wide range of the phenomena of
electro-cortical activity to first approximation, and may be developed
further to incorporate the complicated connectivity of real cortex. In-
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parameters as for Figure 1.
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for periodic boundary conditions where such wave-like activity is seen to
be annihilating and will thus not be able to support spatial eigenmodes.
The first two oscillatory modes are consistent with the low firing rates of
cortical pyramidal cells in vivo.

Augmentation of the mean inhibitory post-synaptic potential amplitude
increases the frequency of the mean soma membrane potential oscilla-
tion of both excitatory and inhibitory neurons (figures not shown). For
instance increasing T'; by a factor of four increases the excitatory “alpha”
frequency from ~ 8.6 Hz to ~ 9.9 Hz. This is consistent, as outlined
above, with results obtained through linearization and experiment.
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Figure 3: Temporal response, for a one-dimensional version of equations (11)-(14) of ex-
citatory neurons at z = 0, to two different impulses applied at z = 0- (i) 2 ms~ (beight),

20 ms (width) (solid line), and (ii) 40 ms~", 1 ms (dashed line). go; = 0.28 mV~"
otherwisc all simulation parameters are the same as Figure 1

Figure 3 illustrates the temporal response of excitatory neurons at z — 0
for two excitatory impulses of differing durations. The form of the damped
oscillatory responses resembles the middle and late components found to
exist in a variety of cortical event-related potentials (ERP). Of particular
note is the notch on the first “wave” of excitation at about 25ms. Such
anotch is found in average evoked potential recordings from prepyriform
cortex when the lateral olfactory tract is stimulated. Freeman explained
this as the result of re-excitation of pyramidal cells by pyramidal cells
[18]. This result is the first unequivocal replication of this phenomenon,
which demonstrates the mutually excitatory connections that are crucial
for learning in the olfactory system [19]
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